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Abstract— We propose three novel methods to evaluate a
distance function for robotic motion planning based on semiinfinite programming (SIP) framework; these methods include
golden section search (GSS), conservative advancement (CA)
and a hybrid of GSS and CA. The distance function can have
a positive and a negative value, each of which corresponds to the
Euclidean distance and penetration depth, respectively. In our
approach, each robot’s link is approximated and bounded by a
capsule shape, and the distance between some selected link pairs
is continuously evaluated along the joint’s trajectory, provided
by the SIP solver, and the global minimum distance is found.
This distance is fed into the SIP solver, which subsequently
suggests a new trajectory. This process is iterated until no
negative distance is found anywhere in the links of the robot. We
have implemented the three distance evaluation methods, and
experimentally validated that the proposed methods effectively
and accurately find the global minimum distances to generate
a self-collision-free motion for the HRP-2 humanoid robot.
Moreover, we demonstrate that the hybrid method outperforms
other two methods in terms of computational speed and
reliability.

I. I NTRODUCTION
Motion planning is a central problem in robotics and
computer animation. Many techniques exist to plan a motion for complicated robotic systems and animated figures
including criticality-based, sampling-based, potential fields,
and decomposition methods, etc [1]. Recently, however, there
has been a renewed interest for optimization-based motion
planning techniques in the planning community; advances in
the field of optimization make it possible for researchers to
use powerful generic solvers for large-scale non-linear problems, for instance, such as motion planning for a humanoid
robot. Moreover, optimization-based techniques can be efficiently coupled with sampling-based techniques as a local
steering method, that take into account diverse constraints
such as collision, joint state, torques limits, dynamics, tasks,
equilibrium, those typically inherent to humanoid robots.
Generating optimal time-space trajectories is known as
semi-infinite programming (SIP) since the trajectories are
written in terms of a finite number of parameters (which
is also part of the optimization variables). Moreover, the
constraints must hold and the optimization cost function
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should be evaluated all along the time interval where the
motion is defined [2][3].
In a SIP formulation of robotic motion planning, the nonpenetration constraint (or collision avoidance) can be written
as [2], [3]:
δ(Ci (t), Cj (t)) −  ≥ 0 ∀t ∈ [0, Tf ]

(1)

where Ci and Cj are robot’s two moving links i and j
respectively. In our framework, we assume that the values
of indices i, j defining all the pairs to be checked are known
a priori (see e.g. in [4]). Moreover,  ≥ 0 is a user-defined
security margin, and Tf denotes the ending time of a motion
that can be set as a constant or a variable i.e. part of the SIP
parameters.
In the approaches proposed by [2] and more recently
by [5], a grid is defined to sample the optimization problem at a set of time-samples [t0 , t1 , · · · , tTf ]. Then all the
constraints including the non-penetration constraints are evaluated only at these time-samples. These approaches assume
that if a constraint holds at both tk and tk+1 , then it holds
∀t ∈ [tk , tk+1 ]. However, there is no guarantee that this
assumption is indeed valid, and therefore collisions can be
missed.
Main Results: In this paper, in order to accurately impose
the non-penetration constraints on the SIP framework, we
propose three novel algorithms to evaluate a distance function for humanoid motion planning including golden section
search, conservative advancement and their hybrid. Our
algorithms perform proximity computation between pairs of
capsule shapes that tightly approximate robot’s links; capsule
shapes have been popularly adopted as bounding volumes
(BV) for collision detection and avoidance [6], [7], [8], [9],
mainly because the signed distance between a pair of capsules can be computed analytically and rapidly. We integrated
our algorithm into the optimization constraint solver, which
lacks in the latest optimization-based planning work [3], and
perform various simulations and experiments on challenging
motion planning cases with the HRP-2 humanoid robot to
validate our approach. Unlike earlier discrete time-sampling
approaches, our methods provide error-bounded results in
terms of distance calculation and show a good runtime
behavior.
Organization: The rest of the paper is organized as
follows. We briefly survey the works relevant to ours in
Sec. II, and provide the background information about our
optimization-based planner as well as formulate our problem
in Sec. III. In Sections IV, V, and VI, we propose our three
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novel distance calculations techniques, and show experimental results in Section VII. We conclude our work and explain
the possible future work in Section VIII.
II. P REVIOUS W ORK
In this section, we briefly survey the works relevant to
proximity computation and our optimization-based motion
planning for humanoids.
A. Proximity Computation
In robotics, CAD and computer graphics, many algorithms
exist to rapidly evaluate a distance function depending on
the underlying metric. A complete coverage on this topic is
beyond the scope of this paper, and we survey only a few
representative algorithms in the field and refer the readers to
see [10] for more details.
Possibly, computing the Euclidean distance (also known as
the separation distance) between a pair of separating bodies
is the most well studied proximity problem in the literature.
In particular, a simplex-based approach like GJK [11] or
feature-tracking algorithm like Lin/Canny algorithm [12] are
most well known algorithms to compute distance for convex
polytopes and many variations exist depending on the type
of objects and applications. For more general, polygon-soup
models, bounding volume hierarchy (BVH)-based techniques
are prevalent, and the algorithm like PQP [13] is widely used
in the field.
Since the Euclidean distance is undefined for colliding
objects, the notion of negative distance has been introduced.
Among others, penetration depth (PD) is the most well
known measure to quantify the amount of overlap or to
represent the negative distance, which is often defined as
a minimum translation to separate one object from another
colliding object [14]. For convex polytopes, algorithms such
as DEEP [15] and EPA [16] are most well-known in the
community, and a few algorithms exists to compute the PD
for non-convex polyhedra [17] or polygon soups [18].
Related to proximity computation, in the literature, several
techniques have been proposed to avoid collision misses over
a continuous motion: these collision checkers are often called
continuous collision detection (CCD) or four dimensional
collision checks [19][20][8]. In this paper, we have the
similar spirit as CCD in a sense that we want to impose the
non-penetration constraints over a continuous time-interval.
However, the main departure from the existing CCD works is
that we do so by evaluating a distance function and formulate
it as a SIP.
B. Optimization-based Motion Planning for Humanoids
To formulate motion planning as an optimization problem,
we need to define a cost function that evaluates the quality of
the motion we want to obtain; e.g. minimizing the speed of
realization, smoothness of the motion, energy consumption,
resemblance to a reference motion, or any combination of
these. We then define the constraints under which the motion
is to be generated; e.g. the robot joints state and torques
limits, equilibrium, collision avoidances. These constraints

can be written as equality or inequality constraints, or even
be part of the cost function. The cost function and the
constraints along with the governing models of the robot
are provided to the optimization solver; the models that
govern the motion of a robot include its geometry, kinematics
and dynamics that contain the joints and their derivatives
and subsequently the optimization variables (i.e. trajectory
parameters). Some work have considered formulating the
problem together with the solver [21]; others considered
using off-the shelf solvers and concentrate mainly on the
formulation [2], [3], [5].
III. BACKGROUND AND P ROBLEM F ORMULATION
A. SIP-based Framework
We formulate motion planning as a SIP as described in [3].
At each iteration of the optimization process, the solver
proposes a solution in terms of P , the control knots of the
B-spline corresponding to each joint’s trajectory q(t). Using
the Taylor model [3], the motion of each robot’s link (that
is, translation T(t), rotation R(t), translational v(t) and
angular ω(t) velocities1 ) is represented as time-dependent
polynomials. For a given t, the state of any link is determined
and the minimal distance can be computed between robot’s
link pairs. The minimal distance are fed back to the solver
to compute a new solution (Fig. 1).
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Fig. 1.

Integrating the distance constraints into the optimization solver.

However, in [3], non-penetration constraint was not considered for a self-collision free motion. Our goal in the
paper is to add the non-penetration constraints (1) to the
above optimization pipeline to enable collision avoidance.
More precisely, for given joint trajectories q(t) and the time
interval Tf , we evaluate the minimal distance between pairs
of robot’s links and feed it back to the solver.
B. Problem Statement
Now we define our problem more precisely. For a given
pair i, j of robot links and their respective capsule approximations Ci (t), Cj (t), we want to compute the global
minimum distance min δ(Ci (t), Cj (t)) over t ∈ [tk , tk+1 ]
t
when Ci (t) moves relatively to Cj (t) with T(t), R(t), v(t)
and ω(t). Note that each element of T(t), R(t), v(t) and
ω(t) is given as a fifth order polynomial based on [2], [3].
Further, we need to consider not only a positive distance, i.e.
δ(Ci , Cj ) > 0 when Ci , Cj are separated, but also a negative
1 We often omit the time parameter t from a time-dependent expression
as long as its meaning is obvious in the context; e.g. δ(Ci , Cj ) instead of
δ(Ci (t), Cj (t)).
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distance, δ(Ci , Cj ) ≤ 0 when Ci , Cj overlap, so that the
optimization solver eventually realizes the non-penetration
constraint (i.e. δ(Ci , Cj ) > 0, ∀i, j).
Since a capsule Ci is defined by its medial line li and a
radius ri , the distance between two capsules Ci and Cj can
be computed as (also Fig.2):
δ(Ci , Cj ) = δ(li , lj ) − (ri + rj )

(2)

δ(Ci (b), Cj (b)) and δ(Ci (c), Cj (c)) as the global minimum
distance.
Note that the GSS may miss the global minimum distance when δ(Ci , Cj ) has more than two local minima over
[tk , tk+1 ]. Hence, GSS can be reliably used only when the
(distance) function is known to have one extremum for the
given interval.
V. S EARCH BASED ON C ONSERVATIVE A DVANCEMENT

It is obvious that (2) corresponds to the Euclidean distance
for two capsules Ci , Cj when Ci ∩ Cj = ∅. Otherwise, (2) is
their penetration depth (PD) [14], i.e. a minimum translation
to separate Ci from Cj or vice versa. Note that the maximum
amount of PD according to (2) is ri +rj . Thus, a lower bound
of our distance function is −(ri + rj ).
rj
Ci r i
(Ci,Cj)

Cj
(li,lj)

Ci r i
(Ci,Cj)

r j Cj
(li,lj)

Fig. 2.
The distance δ(Ci , Cj ) between two capsules Ci , Cj . (Left)
δ(Ci , Cj ) is negative when Ci ∩ Cj 6= ∅ and its amount corresponds
to penetration depth. (Right) δ(Ci , Cj ) is the separation distance when
Ci ∩ Cj = ∅.

IV. G OLDEN S ECTION S EARCH
Now we first explain a simple approach to compute the
minimum distance between two moving capsules over time.
One can easily evaluate (2) at any given time t ∈ [0, Tf ],
but (2) may not be differentiable everywhere. The Golden
Section Search (GSS) is a well-known technique for finding
the extremal value of a function f (x) without calculating
its derivative or without using other information about f (x)
[22], [23]. We can use GSS to find the minimum of (2).
Given a bracket [a, b, c] where a < b < c, f (b) <
f (a), f (b) < f (c), GSS computes a new narrower bracket
containing the minimum. At each iteration, GSS √
chooses
3− 5
a new point d using the golden ratio R =
and
2
compare f (d) against f (b) to get a new bracket containing
the minimum value. We choose either b or d as a new middle
point of the bracket, that has a smaller functional value:
1) If |b − a| ≥ |c − b|, d should be between a and b and
set d = b − R(b − a).
• If f (d) ≥ f (b), the new bracket is [d, b, c]
• If f (d) < f (b), the new bracket is [a, d, b]
2) If |b − a| < |c − b|, then d should be between b and c
such that d = b + R(c − b).
• If f (d) ≥ f (b), the new bracket is [a, b, d].
• If f (d) < f (b), the new bracket is [b, d, c].
GSS iterates this process until |c − a| < τ (|b| − |d|) where
τ is the required precision for the result, and finally returns
f (b) as a minimum.
In our minimum distance problem, a, c and b respectively
correspond to the time instances tk , tk+1 and their midpoint.
Since we cannot guarantee that δ(Ci , Cj ) at b is less than
those at a, c, we return the minimum of δ(Ci (a), Cj (a)),

Now, we present a method to search for the global
minimum distance based on conservative advancement (CA).
A. CA for Capsules
The CA is a simple method to calculate the first time of
contact ttoc between two moving convex objects Ci , Cj ; i.e.
δ(Ci (ttoc ), Cj (ttoc )) = 0, assuming that w.l.o.g. ttoc ∈ [0, 1]
(i.e. the normalized time interval). In more detail, in CA, we
compute an upper bound on the time ∆t in which an object
safely moves without creating any collision [24][25]:
∆t ≤

δ(Ci , Cj )
µ

(3)

where µ is an upper bound on the relative motion between
two objects along the direction of δ(Ci , Cj ) at the beginning
of CA (i.e. the closest direction n). Then, ∆t is recalculated
after advancing the objects, and iterated
P until δ(Ci , Cj )
becomes sufficiently small. Then, ttoc =
∆t [8].
Since there are many efficient methods known to compute
δ(Ci , Cj ) for convex objects such as [11], [12], the main
computational issue in CA boils down to computing µ tightly.
We use a variant of [8] to compute µ for two capsules Ci , Cj
as follows (w.l.o.g. Ci is movable and Cj is fixed):
maxl,t kcl × ω(t)k
)
mint kω(t)k
(4)
where Ci is composed of a medial line c1 c2 and a radius r,
and v, ω are the linear and angular velocities of Ci . The first
term |v(t) · n| in (4) is a polynomial of degree 5, represented
by a B-spline. We use the control points of the B-spline
trajectory to maximize |v(t) · n| like [3]. The other terms
kω(t) × nk, kcl × ω(t)k, kω(t)k are polynomials of degree
10, and we truncate any polynomials greater than degree 5,
and maximize(or minimize) the rest of polynomials in the
same manner.
µ = max |v(t)·n|+max kω(t)×nk(r+
t

t

B. Minimum Finding using CA
One can generalize the CA technique to find the time
instance t such that δ(Ci (t), Cj (t)) = d; note that the time of
contact ttoc is a special case of this, δ(Ci (ttoc ), Cj (ttoc )) =
0. In order to do this, the CA iteration in (4) can be
transformed to:
δ(Ci , Cj ) − d
(5)
∆t ≤
µ
Note that the right hand side of the inequality of the above
equation is always non-negative, since δ(Ci , Cj ) − d ≥ 0 as
long as d is less than the distance between Ci and Cj at the
beginning of iterations; i.e. d ≤ δ(Ci (0), Cj (0)). (5) is still
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valid when d < 0 for capsules (i.e. penetration depth), as
proven in Lemma 1.
LEMMA 1 Given two capsules, Ci , Cj ,
δ(Ci (∆t), Cj (∆t)) when ∆t is given as (3).

d

≤

Moreover, for a given d ≤ δ(Ci (0), Cj (0)), we can
also test whether ∀t, d < min δ(Ci (t), Cj (t)) by checking
t
whether t exists such that δ(Ci (t), Cj (t)) = d for the
given interval. The non-existence of such t implies that
∀t, d < min δ(Ci (t), Cj (t)). We use this fact to find the
t
global minimum distance min δ(Ci , Cj ).
Our method to compute the global minimum distance
is essentially a bisection method that recursively bisects
the codomain of the distance function (e.g. the y-axis in
Fig. 3). We first set up the initial interval I0 along yaxis as I0 = [d0 , d1 ] where d0 = −(ri + rj ) and d1 =
min(δ(Ci (tk ), Cj (tk )), δ(Ci (tk+1 ), Cj (tk+1 ))). The lower
bound d0 of I0 is the negative value of the maximum amount
of PD between two capsules, according to (2). Then, we
1
choose the mid point d2 of d0 and d1 (i.e. d2 = d0 +d
2 ) and
test if d2 > min δ(Ci , Cj ). This test is equivalent to finding
the time ∃t2 ∈ [tk , tk+1 ] such that d2 = δ(Ci (t2 ), Cj (t2 )).
Then,
• If such t2 exists, since the global minimum distance is
between d0 and d2 , we get the new interval [d0 , d2 ], and
δ(Ci , Cj ) > d2 for t ∈ [tk , t2 ). Then, take d3 as a mid
point of d0 and d2 for the next iteration.
• If t2 does not exist, the global minimum distance is
between d1 and d2 , and the new interval is [d1 , d2 ].
Then, take d3 as a mid point d1 and d2 for the next
iteration.
We iterate the above process until the bisected time interval
becomes less than some threshold τ . An example of this
process is given in Fig. 3.

Fig. 3.
Finding the global minimum distance by CA. The initial interval is [d0 , d1 ]. The mid point d2 is selected, and since ∃t2 , d2 =
δ(Ci (t2 ), Cj (t2 )) by using CA, the next interval is chosen as [d0 , d2 ].
Same for the next mid point d3 , and thus the new interval is [d0 , d3 ]. For
the next mid point d4 , since ∀t, d4 < δ(Ci (t), Cj (t)), the new interval is
[d4 , d3 ]. This process is repeated.

Our CA-based method guarantees the resulting interval
on the codomain (i.e. y-axis) always contains the global
minimum distance since δ(Ci , Cj ) is continuous, and the
absolute error decreases in half at each iteration; for the nth
0|
. Even though our CAiteration, the error is less than |d12−d
n
based minimum-finding method guarantees a bounded error,
which was impossible for GSS, the CA-based method can be

slower than GSS. The main reason is that the motion bound
µ can be relatively much greater than the distance δ in (2),
as the iteration progresses. In detail, µ becomes loose due
to the high order of polynomials involved in the underlying
motion. In order to address the issue of slow convergence,
in the next section, we combine the advantages of GSS and
CA to provide a good performance in terms of speed and
accuracy.
VI. H YBRID M ETHOD
The basic idea of our hybrid method is that we use
CA to narrow down the interval that contains the global
minimum distance, and then use GSS to quickly search for
the minimum within that interval.
First of all, to accelerate the CA-based method presented
in the previous section, we employ a dual-advancement
scheme similar to [26] using both forward and backward
advancements. Whereas the forward advancement does as
described in Sec. V, the backward advancement starts reversely from tk+1 toward tk . More precisely, the backward
advancement looks for the nearest t ∈ [tk , tk+1 ] such that
δ(Ci , Cj ) = d2 from tk+1 . (2) can be similarly used here
to find P
t, except that the new time is P
obtained as t =
tk+1 −
∆t in contrast to t = tk +
∆t for forward
advancement.

Fig. 4. The forward advancement first returns t2 and then t3 as a result.
The backward one returns t4 and t5 . Then, the global minimum distance is
located between t3 and t5 , and the GSS searches the minimum in [t3 , t5 ].

For instance, as shown in Fig. 4, the initial interval [d0 , d1 ]
is the same for both forward and backward advancements.
Then, the time interval [t3 , t5 ] is provided to the GSS solver,
and use the same technique presented in Sec. IV to find the
minimum distance.
In our hybrid method, we still need to address when we
need to switch from the CA-based method to the GSSbased method. Ideally, as soon as the CA-based method
isolates a single minimum, the GSS-based method can take
it over to find the global minimum distance. A practical
implementation idea is that whenever the size of distance
interval is less than some threshold (i.e. [di , di+1 ] < ), one
can switch from CA to GSS. Even though this method does
not guarantee that the found result is a true minimum, but
the error is always bounded by .
VII. E XPERIMENTAL R ESULTS
We implemented our distance calculation algorithms using
C++ program language (cmake 2.8.0 compiler) and integrated it into our optimization software under Kubuntu 10.04
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LTS 64bits operating system equipped with an Intel Core i7
2.67GHz CPU and 3GB main memory. We use the IPOPT
package to solve the nonlinear optimization problem and the
HSL archive package as a thirty party code for IPOPT. We
also utilize the Eigen template for linear algebra computation
and FADBAD++ to enable automatic differentiation.
We have tested our optimization-based motion planning
algorithm on an HRP-2 humanoid robot using three sets of
benchmarks. In the first benchmark (Fig. 5), the robot is
trying to cross its arms twice while avoiding self-collisions.
The second benchmark (Fig. 6) shows a case where the
robot is twisting its upper body while avoiding the collision
between arms and legs. In the last benchmark (Fig. 7), the
robot attempts to pick up an object behind it without lifting
off its feet.
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Fig. 8. These graphs shows the tracking result of distance between the
hands of the robot in benchmark1. In the graph, the red lines show the exact
distance tracked over the course of time interval, and the green lines mean
the global minimum distance computed by each method for sub-intervals.
Note that in (a), we manually calculate the minimum distance (the green
line) by tracking the distance function.
ହ

Fig. 5. Benchmark 1: hand-crossing. A collision occurs between the hands.
(Top row) a motion without non-penetration constraint. (Bottom row) a selfcollision-free motion using our hybrid method.
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Benchmark1 Benchmark2 Benchmark3

Fig. 9. Performance of our optimization-based motion planning algorithm
in seconds using different distance computation algorithms. The nonconstraint bar denotes the results of trajectory planning without taking
into account the non-penetration constraint. The y-axis denotes the timing
(second) on a logarithmic scale.

Fig. 6. Benchmark 2: twisting. (Top row) a motion without non-penetration
constraint. Collisions occur between the hands and bodies. (Middle row) a
self-collision-free motion using our hybrid method. (Bottom row) realization
on a physical HRP-2 robot.

Fig. 7. Benchmark 3: picking. (Top row) a motion without non-penetration
constraint. Collisions occur between the hands and legs. (Bottom row) a
self-collision-free motion using our hybrid method.

For GSS- and CA-based methods, we set the threshold τ to
10−3 to terminate the iteration. Fig. 8 shows the evolution
of the distance (the red solid lines) between the right and
left hands of the robot in the benchmark 1 as a result of
optimization-based planning. In the figure, the green lines
denote the results of minimum distance calculation for each
time interval. In this benchmark, the distance results of GSS
and hybrid method are nearly same. However, the results of
CA are different from those of other methods and it cannot
find the global minimum distance in this particular setting.
A possible reason is that we may need a higher number of
iterations to generate sufficiently accurate distance results,
since the motion bound µ might be too loose for a motion
containing high order polynomials; in this experiment, the
maximum number of CA iterations that we tried was 500.
In the hybrid method, we typically switch from CA-based to
GSS-based after a single CA iteration.
Fig. 9 summarizes the timing performance of our
optimization-based planner using the three distance calculation algorithms. In our planning algorithm, it is hard
and may not be meaningful to extract only the distance
computation time from the total planning time, since our
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distance computation algorithm is tightly coupled with the
optimization solver and they affect the performance of each
other. The CA-based method takes longer time than other
methods. One interesting observation from our experiment
is that GSS is slower than the hybrid method for benchmark
1 and benchmark 3, even though GSS is generally a simpler
technique than CA. This is due to the fact that GSS requires
a high number of iterations to find a solution comparable
to CA’s result for a complicated motion planning scenario
involving many potential collisions. In case of benchmark 3,
GSS is twice slower than the hybrid method. We summarize
our experimental results as:
• The GSS method is a simpler technique than others and
finds the global minimum distance similarly well like
the hybrid method. But GSS has no guarantee as to the
result.
• The planner based on the CA method is slowest and CA
requires a high number of iterations to find a correct
solution. However, it can provide a bounded error for
the result.
• The planner based on the hybrid method is superior to
other two in that it is faster and provides a boundederror result.
VIII. C ONCLUSIONS AND F UTURE W ORKS
We present three algorithms, namely GSS, CA, and hybrid
CA-GSS, to evaluate distance functions for a SIP-based
motion planning algorithm and demonstrate its capability
on the simulated and the real HRP-2 humanoid robot. Our
results show that GSS works well in practice even though
it cannot produce a guaranteed result. Theoretically, CA
has a nice property of bounded-error output in terms of
minimum distance calculation, but it may require many
iterations to converge to the solution. The hybrid method
takes the advantages of both GSS and CA, and performs
faster and more reliably than each of the techniques alone.
In this work, we compute the global minimum distance
only for self-collision cases, but there is no reason why this
method is limited only to self-collision; inter-object collision
can be handled similarly. Currently, our method is applicable
only to a capsule-type geometry, but we would like to extend
the method to a more general geometry, e.g. polyhedral
models, for future work.
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